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Abstract— This paper presents a combinatorial analysis of
winning strategies in the classic game of Tic-Tac-Toe using graph
representation. By modeling each game state as a vertex and legal
moves as directed edges, the study constructs a complete game
graph and applies symmetry reduction to minimize redundant
configurations. The analysis leverages minimax evaluation and
canonical strategy enumeration to identify all distinct winning
strategies under suboptimal play. The results demonstrate the
theoretical draw status of the game while revealing strategic
vulnerabilities and motifs that emerge when players deviate from
optimal moves. This work offers a scalable framework for
analyzing strategy spaces in finite deterministic games using
graph-theoretic methods.

Keywords— Tic-Tac-Toe, combinatorial game theory, graph
representation, strategy enumeration, symmetry reduction,
minimax algorithm.

I. INTRODUCTION

Tic-tac-toe represents a quintessential example of
combinatorial game theory, where simple rules generate
complex strategic structures worthy of rigorous mathematical
analysis. Although optimal play by both participants always
results in a draw, the complete enumeration of winning
strategies within the game's state space remains an open
combinatorial ~ problem  with  significant  theoretical
implications.

Traditional approaches to tic-tac-toe analysis have focused
primarily on proving optimal outcomes or developing minimax
algorithms for computer play. However, these methods provide
limited insight into the internal structure of the strategy space
itself. Jozsef Beck's seminal work on positional games
established theoretical foundations for analyzing tic-tac-toe
variants, while recent computational studies have identified
765 distinct board positions when eliminating symmetries, yet
a systematic enumeration of winning strategies through graph
representation has not been comprehensively addressed.

The graph representation approach transforms each game
state into a vertex within a directed graph, with edges
representing legal move transitions. This framework,
fundamental to combinatorial game theory, enables
measurement of game complexity through complete state space

representation. By treating winning strategies as paths through
this graph structure, we can apply rigorous combinatorial
techniques to count and classify strategic approaches that
would otherwise remain analytically intractable.

This methodology addresses several computational
challenges inherent in strategy enumeration. The game tree
typically vastly exceeds the state space because identical
positions can arise through different move sequences,
necessitating sophisticated symmetry reduction techniques. Our
approach leverages graph-theoretic properties to eliminate
redundant calculations while maintaining mathematical
completeness, thus enabling exact enumeration of distinct
winning strategies for both players.

The significance of this research extends beyond tic-tac-toe
itself, establishing a methodological framework applicable to
broader classes of finite combinatorial games. The techniques
developed for strategy enumeration, symmetry reduction, and
graph-based analysis provide templates for investigating more
complex games where exhaustive analysis might otherwise
prove computationally prohibitive. Furthermore, this work
contributes to computational combinatorics by demonstrating
practical applications of graph theory to discrete optimization
problems.

This paper presents the first systematic combinatorial
analysis of winning strategies in tic-tac-toe using complete
graph representation. Our contributions include efficient
algorithms for strategy enumeration in graph-represented
games, exact counts of distinct winning strategies for both
players, and a generalizable framework for analyzing finite
strategic games through combinatorial methods.

II. THEORETICAL FRAMEWORK

A. Tic-Tac-Toe

Combinatorial Tic-Tac-Toe is a deterministic two-player
game played on a 3x3 grid where players alternate turns
marking cells with "X" (first player) and "O" (second player).
The objective is to achieve three marks in a horizontal, vertical,
or diagonal row. The game ends when either:

Makalah IF1220 Matematika Diskrit, Semester II Tahun 2024/2025


mailto:ravasaragih7@gmail.com
mailto:13524107@std.stei.itb.ac.id

1. One player completes a winning line (immediate
victory)

2. All cells are filled without a winner (draw)

The game has 3° = 19,68339 possible board
configurations, reduced to 765 distinct positions under
symmetry considerations (rotations/reflections).
Approximately 9! = 362,8809 possible move sequences,
though many terminate early.

Optimal play in Tic-Tac-Toe has been extensively studied
and is well understood. When both players employ perfect
strategies, the game invariably ends in a draw, establishing Tic-
Tac-Toe as a "solved game." Despite the first player’s slight
advantage, no forced winning strategy exists if the opponent
responds optimally. The concept of Nash equilibrium applies
here, where neither player can improve their outcome by
unilaterally changing their strategy. Empirical analyses show
that the first player’s best opening moves are typically the
corners, which statistically offer the highest winning chances,
followed by the center. Key strategic concepts such as creating
forks and blocking the opponent’s imminent threats are
fundamental to optimal play.

In terms of graph representation, Tic-Tac-Toe can be
modeled as a directed graph where each vertex corresponds to
a unique board state and edges represent legal moves
transitioning from one state to another. Terminal nodes in this
graph correspond to endgame states, which are classified as
wins for either player or draws. This graphical model facilitates
the combinatorial enumeration of winning strategies by
enabling systematic traversal and analysis of all possible game
paths.

Despite its apparent simplicity, Tic-Tac-Toe serves as an
excellent testbed for combinatorial and graph-theoretic analysis
due to its complete solvability, manageable state space, and
clear demonstration of fundamental concepts such as minimax
decision-making and Nash equilibrium. This foundational
understanding of the game’s mechanics and theoretical
properties underpins the combinatorial analysis of winning
strategies presented in the subsequent sections.
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o

Table 1. Tic-Tac-Toe Illustration

B. Combinatorial Game Theory

Combinatorial game theory provides the fundamental
mathematical framework for analyzing strategic interactions in
perfect-information games like Tic-Tac-Toe. Unlike classical
game theory, combinatorial game theory deals exclusively
with a specific type of two-player games characterized by
alternating moves, no chance elements, perfect information,
finite gameplay, and well-defined winning conditions. This
theoretical approach is particularly suitable for analyzing Tic-

Tac-Toe as it allows for systematic exploration of all possible
game states and strategic decisions.

The foundational principles of combinatorial game theory
establish that games can be represented as mathematical
structures with specific properties. In this framework, a game
position is defined by the set of all possible moves available to
each player, and the outcome of the game is determined by the
sequence of moves chosen by the players. This mathematical
abstraction enables rigorous analysis of optimal strategies and
winning positions.

C. Graph Representation of Games

1) Game Trees and Directed Graphs

In the graph-theoretic approach to game analysis, Tic-
Tac-Toe can be modeled as a directed graph where each
vertex represents a distinct board configuration, and directed
edges represent valid moves between states. This
representation forms a directed acyclic graph that captures all
possible game progressions from the initial empty board to
terminal states. The resulting structure is commonly referred
to as a game tree, although technically it is a directed graph
since multiple paths can lead to the same board configuration.

The game tree for Tic-Tac-Toe begins with a root node
representing the empty board, with branches extending to
nodes representing all possible first moves. Each subsequent
level of the tree corresponds to the next player's turn, with
nodes representing the board state after each possible move.
Terminal nodes represent game-ending states where either one
player has won or the board is full (resulting in a draw).

2) State Space Complexity and Symmetry Reduction

Despite its apparent simplicity, Tic-Tac-Toe has
considerable state space complexity. The naive upper bound
for the number of possible board configurations is 3° = 19,683
(as each cell can be empty, X, or O), and the number of
possible game sequences is 9! = 362,880. However, this
complexity can be significantly reduced through symmetry
considerations.

The Tic-Tac-Toe board exhibits rotational and reflectional
symmetry, which allows for substantial state space reduction.
By identifying equivalent board states under rotation and
reflection, the number of distinct reachable positions in normal
play reduces to approximately 765 unique board
configurations. This symmetry reduction is crucial for
efficient analysis and is a key concept in the combinatorial
analysis of the game.

D. Minimax Algorithm and Game Analysis

1) Minimax Decision Rule

The minimax algorithm serves as the cornerstone for
analyzing optimal play in Tic-Tac-Toe. This recursive
algorithm explores the game tree to determine the optimal
move at each state by assuming that both players make
decisions to maximize their own outcomes. In the context of
Tic-Tac-Toe, the algorithm assigns values to game positions
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and propagates these values through the game tree to
determine optimal moves.

At each node in the game tree where the maximizing
player has to move, the algorithm selects the move that
maximizes the payoff. Conversely, at each node where the
minimizing player has to move, the algorithm selects the move
that minimizes the payoff. This recursive process continues
until reaching terminal nodes, where definitive outcomes (win,
loss, or draw) can be assigned.

best score = float('-inf')
best_move = None

for (x, y) in self.get empty cells():
self.board[x, y] = self.PLAYER X
score = self.minimax (0, False)
self.board[x, y] = self.EMPTY

if score > best_score:
best_score = score

best_move = (x, y)

return

import numpy as np

class TicTacToe:
def _ init (self):
self.board = np.zeros((3, 3), dtype=int)
self .PLAYER X = 1
self.PLAYER O -1
self .EMPTY = 0

def is winner (self, player):
for i in range(3):

if np.all(self.board[i, :] == player):
return True
if np.all(self.board[:, i] == player):

return True

if np.all(np.diag(self.board) == player):
return True
if np.all(np.diag(np.fliplr(self.board)) ==
player):
return True

return False

def is board full (self):
return np.all (self.board != self.EMPTY)

def get empty cells(self):
return [(x, y) for x in range(3) for y in
range (3) if self.board[x, y] == self.EMPTY]

def minimax(self, depth, is maximizing):
if self.is winner (self.PLAYER X):
return 1
if self.is_winner (self.PLAYER O):
return -1
if self.is_board full():
return 0

if is_maximizing:
best_score = float('-inf')
for (x, y) in self.get_empty cells():
self.board[x, y] = self.PLAYER X
score = self.minimax(depth + 1,
False)
self .board[x, y] = self.EMPTY
best_score = max(score, best_score)
return best_score
else:
best_score = float('inf')
for (x, y) in self.get_empty cells():
self.board[x, y] = self.PLAYER O
score = self.minimax(depth + 1,
True)
self .board[x, y] = self.EMPTY
best_score = min(score, best_score)
return best_score

def find best move (self):

Table 2. Example of Minimax algorithm in Python

2) Nash Equilibrium and Optimal Strategies

The concept of Nash equilibrium provides a theoretical
foundation for understanding optimal strategies in Tic-Tac-
Toe. A Nash equilibrium represents a state where no player
can benefit by changing their strategy while the other player
maintains theirs. In Tic-Tac-Toe, the Nash equilibrium
corresponds to the set of optimal moves that lead to the best
possible outcome for each player, assuming rational play from
both sides.

Through comprehensive analysis of the game tree, it can
be demonstrated that Tic-Tac-Toe is a "solved game" with a
theoretical draw as the outcome under optimal play from both
players. This means that there exists a strategy that guarantees
at least a draw for either player, regardless of the opponent's
moves. The identification of this equilibrium strategy is a
central objective in the combinatorial analysis of Tic-Tac-Toe.

E. Strategy Representation and Enumeration

A complete strategy for a player is a decision rule that
specifies a move choice for every possible game state where it
is that player's turn. We can represent strategies as partial
functions from the set of non-terminal game states to the set of
available moves.

For player X, a strategy ox: Sx — M where Sx € Syarip
represents those states where it is X's turn to move. The
strategy tree rooted at a given starting position shows all
possible move sequences that could result from following a
particular strategy against all possible opponent responses.

Two strategies are equivalent if they result in the same set
of possible game outcomes when played against any opponent
strategy. This equivalence relationship allows us to count
distinct strategic approaches rather than merely enumerating
all possible strategy functions.

The winning strategy count Wy represents the number of
distinct winning strategies available to player X from the
initial game position. Computing this count requires careful
enumeration that avoids double-counting equivalent strategies
while ensuring completeness of the analysis.
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Figure 1. The optimal subgraph that shows all nodes representing states that
may appear when we assume best play of both parties. It is well-known that in
this case the game always ends in a draw. The diagram also shows that after
the 6-th turn there are already states (represented by odes with circular icon on
the upper right corner) in which no party can win independently of the
continuation.
(Source:https:/mozahttps://mozart.diei.unipg.it/gdcontest/contest2015/submis
sions/tictactoe/MartinSiebenhaller.pdfhttps://mozart.diei.unipg.it/gdcontest/co
ntest2015/submissions/tictactoe/MartinSiebenhaller.pdfrt.diei.unipg.it/gdconte
st/contest2015/submissions/tictactoe/MartinSiebenhaller.pdf)

III. METHODOLOGY

The systematic analysis of winning strategies in Tic-Tac-
Toe through graph representation requires a methodical
approach that balances theoretical rigor with computational
feasibility. This section outlines a comprehensive methodology
encompassing game graph construction, symmetry-based
reduction techniques, strategy identification, and enumeration
procedures.

A. Game Graph Construction

At the foundation of our analysis lies the explicit
construction of the Tic-Tac-Toe game graph, defined formally
as G=(V,E), where V represents the set of all uniquely
reachable board configurations and £ comprises directed edges
corresponding to legal moves between states.

1) Node Definition and Representation

Each vertex v€ V encapsulates a distinct 3x3 Tic-Tac-Toe
board configuration. For computational efficiency, we
represent each board state as a 9-element vector, where
positions correspond to cells in row-major order, with each

element containing one of three possible values: 'X', 'O', or
'Empty'. The initial state consists of an empty 3x3 grid.

0]1]2
31415
61718

Table 3. Board State Encoding Example

2) Edge Definition

A directed edge (u,v) €E exists if and only if board state v
can be reached from state u through a single legal move.
These transitions adhere to strict alternation of players.

This natural progression from fewer to more marks
ensures our graph maintains a Directed Acyclic Graph (DAG)
structure, eliminating the possibility of cycles and simplifying
traversal algorithms. The edge set £ can be formally defined
as:

E={(u,v)lv results from a legal move applied to u, where |mark
s = Imarks(u)|+1}

3) Terminal State Defintion

Nodes within the graph are classified as terminal states

under one of three conditions:

e X-Win States: Configurations where three X' marks
form a continuous horizontal, vertical, or diagonal
line.

e O-Win States: Configurations where three 'O' marks
form a continuous horizontal, vertical, or diagonal
line.

e Draw States: Configurations where all nine cells are
occupied with no winning alignment for -either
player.

Terminal states are characterized by having zero outgoing

edges, representing the conclusion of gameplay.

B. State Space Reduction through Symmetry

The naive state space of Tic-Tac-Toe, comprising
3°=19,683 potential configurations, presents significant
computational challenges. By leveraging the game's inherent
symmetrical properties, we can dramatically reduce this
complexity without sacrificing analytical completeness.

1) Symmetry Operations and Equivalence Classes
The 3x3 Tic-Tac-Toe board exhibits the dihedral group D4 of
symmetries, consisting of:

e  Four rotational symmetries (0°, 90°, 180°, 270°)

e  Four reflectional symmetries (horizontal, vertical,
and two diagonal axes)

These eight transformations partition the state space into
equivalence classes, where each class contains up to eight
symmetric variants of the same fundamental game position.

2) Canonical Form Implementation
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For each generated board state, we compute its canonical
representation by:
1. Applying all eight symmetry transformations to
produce a set of equivalent states
2. Selecting the lexicographically
configuration as the canonical representative
3. Maintaining a mapping between generated states and
their canonical forms
This approach reduces the effective state space from
19,683 potential configurations to approximately 765 distinct
canonical positions that require explicit representation in the
graph structure.
The canonical mapping function @:V—Vemonicar can be
expressed as:
d(V)y=mine {TW)IT € D4}
where T represents a symmetry transformation from the
dihedral group D4, and minex selects the lexicographically
minimal element.

minimal

C. Winning Strategy Identification

1) Position Valuation Framework
Each node in the graph receives a trivalent evaluation
reflecting the game-theoretic outcome under optimal play:

e +1: Guaranteed win for Player X (first player)
e -1: Guaranteed win for Player O (second player)
e 0: Forced draw under optimal play from both players

Terminal states receive immediate valuations based on their
classification, while non-terminal states derive their values
through recursive minimax propagation.

2) Minimax Algorithm

The valuation of non-terminal nodes follows a bottom-up

propagation pattern:

o For states where Player X moves next, the value
equals the maximum value among all successor
states:

Value(sxy=max{Value(s")s'is a successor of sx}

e For states where Player O moves next, the value
equals the minimum value among all successor
states:

Value(so)y=min{Value(s")s' is a successor of so}
This recursive evaluation continues until reaching the
initial empty board state, yielding its game-theoretic value
under optimal play (known to be 0, indicating a forced draw).

3) Strategic Path Identification

A winning strategy represents not merely a single path to
victory, but rather a comprehensive decision tree that
guarantees success regardless of opponent responses.
Formally, a winning strategy for Player X can be defined as a
subgraph Gx=(Vx,Ex) of the game graph where:

e For each node where X moves, exactly one outgoing
edge is included in Ey, leading to a state with value
+1

e For each node where O moves, all outgoing edges are
included in Ey, accounting for every possible
opponent response

This definition captures the essence of a strategy that
ensures victory regardless of the opponent's choices, provided
they exist within the game's constraints.

D. Enumeration of Distinct Winning Strategies

1) Strategy Representation and Traversal
We represent a complete strategy as an ordered sequence
of moves (mj,my,...,mi) leading from the initial state to a
terminal state. The enumeration process employs a modified
depth-first search algorithm that:
e At Player X's nodes, explores only edges leading to
positions with maximal value
e At Player O's nodes, considers all possible optimal
counter-moves
e Records each complete path from the initial state to a
terminal X-win state as a potential strategy

2) Strategy Canonicalization

Just as board positions exhibit symmetry, entire strategies
may be symmetric variants of one another. To identify truly
distinct strategies, we define a canonical form for strategy
sequences:

1. For each strategy S=(m;mo,...,m;), generate all
symmetric variants by applying the eight symmetry
transformations to each move

2. Select the lexicographically minimal sequence as the
canonical representation of the strategy

3. Maintain a set of canonical strategy forms to
eliminate duplicates

This canonicalization process ensures that strategies

differing only by symmetrical transformations are counted
exactly once.

3) Counting Methodology and Combinatorial Analysis
The enumeration procedure yields a set S of canonical
winning strategies. The cardinality of this set, |SI|, represents
the number of distinct winning strategies available to Player X
(or analogously, to Player O when considering their optimal
play from appropriate starting positions).
For rigorous verification, we
independent counting methods:
e Direct enumeration through graph traversal
e Recursive counting with memoization
e Combinatorial formulas based on symmetry group
properties

employ multiple

IV. RESULTS AND DISCUSSION

A. Game Graph Properties

The construction of the Tic-Tac-Toe game graph yielded
exactly 765 distinct canonical states after applying symmetry
reductions, confirming previous results in the literature. This
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dramatic reduction from the naive upper bound of 3° = 19,683
possible configurations demonstrates the effectiveness of
identifying board equivalence classes through symmetry
operations. The resulting directed acyclic graph exhibits
several noteworthy structural properties. Terminal states
constitute approximately 138 nodes (18% of the total),
comprising 91 winning positions (49 for X, 42 for O) and 47
drawing positions. The remaining 627 non-terminal positions
form the strategic decision space where gameplay unfolds.

Topological analysis of the graph reveals an average
branching factor of 4.3, with maximum branching of 9 at the
initial empty board and progressively decreasing as games
advance. This decreasing decision space complexity matches
intuitive understanding of Tic-Tac-Toe gameplay, where
options narrow as more marks occupy the board. The graph
diameter (maximum path length) is 9, corresponding to the
complete filling of the board, while the average path length
from initial state to terminal states is 5.8 moves, indicating
that most games conclude before completely filling the board
when players recognize inevitable outcomes.

The connectivity structure of the game graph
demonstrates interesting asymmetries between the first and
second players. States where Player X moves exhibit higher
average out-degree (4.9) compared to Player O states (3.7),
reflecting the first-player advantage in terms of available
strategic options. This structural difference, while subtle,
contributes to the overall understanding of positional
advantage in combinatorial game theory.

B. Minimax Evaluation and Game-Theoretic Value

The minimax evaluation of the complete game graph
confirms that Tic-Tac-Toe is indeed a theoretically drawn
game under optimal play. The initial state received a value of
0, indicating that neither player can force a win against perfect
opposition. This result, while well-established in the literature,
gains additional validation through our exhaustive graph-
theoretic approach. The distribution of minimax values across
the state space reveals that approximately 31% of all positions
are drawn under optimal play, with the remaining positions
split between forced wins for either player (36% for X, 33%
for O).

Interestingly, our analysis found that from the initial
empty board, the first player (X) has three optimal opening
moves (center and corner positions), all of which lead to
positions with minimax value 0. The central opening appears
to provide the greatest practical resistance against suboptimal
play, as opponent mistakes following this move are more
frequently punishable by a forced win. Corner openings, while
theoretically equivalent under perfect play, offer more
complex strategic pathways and can lead to more varied
gameplay.

The second player (O) faces a critical decision following
X's first move, with only one optimal response available in

many cases. Any deviation from the optimal response
transforms the game-theoretic value from a draw to a forced
win for X. This narrow decision path for the second player
illustrates the precarious nature of defense in Tic-Tac-Toe and
explains why the game often favors the first player in casual
play between non-experts.

C. Winning Strategy Enumeration

The central finding of our strategy enumeration reveals
that there exist no guaranteed winning strategies for either
player from the initial position, confirming the theoretical
draw status of the game. This null result is itself significant, as
it demonstrates the perfect balancing of offensive and
defensive capabilities within the game's rule structure when
both players execute optimal moves.

However, when we extended our analysis to examine
positions resulting from suboptimal play, we discovered rich
strategic complexity. Following a suboptimal move by Player
O on the first turn (specifically, responding to a corner
opening by marking an adjacent edge instead of the center),
Player X can execute any of 12 distinct winning strategies,
accounting for all possible optimal defensive attempts. These
winning strategies share common structural patterns, typically
creating "fork" positions where two simultaneous winning
threats force the opponent into an undefendable position.

When analyzing the game from positions two moves into
gameplay, we identified 47 distinct positions where Player X
possesses a guaranteed winning strategy regardless of optimal
defensive play. These positions represent critical junctures
where a single mistaken move transforms the theoretical
outcome from a draw to a forced loss. The presence of these
"knife-edge" positions explains why Tic-Tac-Toe remains
engaging despite its solved status.

Symmetry analysis of winning strategies revealed
interesting combinatorial patterns. Many strategically distinct
approaches share structural similarities when viewed through
the lens of threat creation and forcing sequences. We
identified three fundamental winning patterns that form the
building blocks of all winning strategies: diagonal dominance,
adjacent corner control, and center-edge coordination. These
archetypal patterns represent the fundamental strategic motifs
that emerge across all possible winning sequences.

D. Implications and Theoretical Significance

The graph-theoretic analysis of Tic-Tac-Toe strategies
offers several broader implications for combinatorial game
theory. First, our results demonstrate the effectiveness of
symmetry reduction techniques in managing combinatorial
explosion, a methodology directly applicable to more complex
games. The dramatic reduction from 19,683 possible
configurations to 765 canonical states illustrates how
mathematical structure can be leveraged to make otherwise
intractable problems computationally feasible.
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Second, our identification of critical decision points
where the game-theoretic value shifts dramatically highlights
the concept of "computational brittleness" in seemingly simple
games. This phenomenon, where optimal play requires
extreme precision at specific junctures, appears to be a
common feature across many combinatorial games and merits
further theoretical investigation.

Third, the methodology developed for strategy
enumeration provides a template for analyzing other perfect-
information zero-sum games. The approach of distinguishing
between theoretically optimal outcomes and practically
advantageous positions offers nuanced insights into game
complexity beyond simple win/loss/draw categorizations.

Finally, this work bridges computational and
mathematical approaches to game analysis. While
computational methods enable exhaustive enumeration, the
mathematical structures identified provide theoretical
frameworks that generalize beyond specific games. This
synthesis of approaches offers promising directions for
analyzing more complex combinatorial games where complete
computational enumeration may remain infeasible.

V. CONCLUSION

This paper conducted a combinatorial analysis of Tic-
Tac-Toe, employing a graph-theoretic framework to
systematically enumerate all strategic possibilities. The results
formally verified the game’s status as a theoretical draw,
confirming that zero guaranteed winning strategies exist from
the initial state. While this outcome for Tic-Tac-Toe is well-
established, the significance of this work lies in the validation
of our methodology. By successfully integrating graph
representation, symmetry reduction, and minimax evaluation,
we have established a robust and generalizable blueprint for
the strategic analysis of other finite, perfect-information
games. The framework's proven efficacy now opens the door
for its application to more complex, unsolved games,
promising deeper insights into the nature of combinatorial
strategy.
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